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Abstrat.We justify an appliability of the adiabati perturbation theory for three well known
systems with impats: a ball between two slowly moving walls, a slowly irregular waveguide, and
an adiabati piston.
The adiabati perturbation theory (see, for example, [1℄, p. 200  211) is used to desribe
the dynamis in smooth Hamiltonian systems ontaining variables of two types: fast and
slow. The auray estimates of this theory are known. In a number of ases, one an for-
mally apply the proedure of this theory to disontinuous Hamiltonian systems, in partiular
to systems with impats. However, the validity of suh formal approah does not follow from
the theory for smooth systems. A distintive feature of onsidered problems is fast (instant)
variation of slow variables at an impat. In the present work we obtain auray estimates
of the adiabati perturbation theory for systems with impats. We onsider three model
problems that belong to the three main lasses of systems, where the adiabati perturbation
theory is used: 1) the motion of a ball between two slowly moving walls orresponds to the
Hamiltonian systems depending on slowly varying parameters; 2) the problem of a slowly
irregular waveguide orresponds to the Hamiltonian systems slowly depending on some of
variables ; 3) the problem of an adiabati piston orresponds to the Hamiltonian systems
with slow and fast motions. We disuss these problems in order to demonstrate the effe-
tiveness of the approah based on the adiabati perturbation theory: the dynamis in these
problems is well known, and it was desribed earlier by other methods (in partiular, in [2℄
for problem 3)).
The first approximation of the proedure of the adiabati perturbation theory leads to
a onlusion that the system has an adiabati invariant (an approximate integral). Suh
a onlusion is often used for systems with impats, but its validity is derived from diret
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alulations (see [3℄, Se. 52). Higher approximations of the proedure of the adiabati
perturbation theory for systems with impats are formally onsidered in [4℄. The perturbation
theory for non-smooth Hamiltonian systems is disussed in works [5, 6℄, yet only in the
ase of ontinuous phase variables. In systems with impats some of phase variables are
disontinuous at a point of refletion.
Dealing with systems with impats, one usually onsiders Poinare map in order to obtain
results analogous to those obtained for smooth systems by means of higher approximations
of the adiabati perturbation theory. If this map is smooth, one an either use the proedure
of the adiabati perturbation theory for smooth maps (see, for example, [7℄), or use an
artifiial approah, namely, to desribe the map as a Poinare map for an auxiliary smooth
Hamiltonian system and apply the proedure of the adiabati perturbation theory to this
system [8℄.
An advantage of the approah desribed in the present paper is that one an deal with
Hamiltonians of original systems, and onsider systems with impats similarly to smooth
systems. It is no need to onstrut and deal with Poinare maps (that an turn out to
be non-smooth as, for example, in the problem of an adiabati piston, se.4). Under this
approah alulations beome simpler and more onise.
1 Fermi-Ulam model
The problem of osillations of a partile between two slowly moving walls is alled the Fermi-
Ulam problem (or model) (Fig.1)[9℄. Let the left wall be fixed (this assumption is made to
shorten alulations) and the right wall slowly hange its position. The distane between
the walls is d(εt) ≥ onst > 0 , where t is the time variable, ε > 0 is a small parameter.
Introdue slow time variable τ , τ = εt . Let funtion d(·) ∈ C∞ . We onsider the problem
on a slow time interval that either does not depend on ε or grows as ε derease. In the
seond ase we shall suppose that funtion d and its derivatives are bounded on the real
axis. Let the mass of the partile be equal to 1 , then the veloity of the partile is equal to
its momentum. One an desribe the dynamis of the partile in the following way: between
the walls the partile has a onstant veloity v ; the veloity of the partile hange sign after
an impat with the left wall, and transforms as v1 = 2d˙− v after an impat with the right
moving wall. The Hamiltonian of the partile is well defined between walls and desribes
free motion of the partile with a onstant momentum v .
One an interpret the problem as the motion of a partile in a potential that equals 0
between the walls and +∞ in the other spae. The right wall is moving slowly. Therefore,
it is useful to onsider the problem when the right wall is fixed ( d = onst ). The phase
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portrait of this system is shown in Fig.2. On the portrait one an define ation-angle
variables (I, φ) in a standard way. Ation is the area bounded by a phase trajetory
divided by 2pi : I = 1
2pi
· |v| · 2d = d
pi
√
2E , where E is the Hamiltonian of the partile.
Hene, E = pi
2I2
2d2
. The angle (phase) φ is the uniformly hanging angle variable on the
trajetory; φ = 2pi t
T
, where t is the time interval orresponding to the motion of the
partile from the initial point to a given point and T is the period of motion.
Suppose the phase is zero at the left wall; then
φ =
{
pi x
d
, φ ∈ (0, pi),
pi(2− x
d
), φ ∈ (pi, 2pi), (1.1)
where x is the distane between the partile and the left wall.
If the phase is defined by (1.1), then generating funtion W = W (x, I, d) of the form
W =
{
pi Ix
d
, φ ∈ (0, pi),
pi(2− Ix
d
), φ ∈ (pi, 2pi) (1.2)
transforms variables (v, x) to the ation-angle variables.
Use generating funtion W to make a hange of variables in the real system with right
wall moving slowly. The motion of the partile between the walls is desribed by the
Hamiltonian system with Hamiltonian H = E + ∂W
∂t
:
H =
pi2I2
2d2
− Id˙
d
f(φ), (1.3)
where
f(φ) =
{
φ, φ ∈ (0, pi),
φ− 2pi, φ ∈ (pi, 2pi). (1.4)
Hamiltonian (1.3) ompletely desribes the motion of a partile between the walls.
At an impat with the fixed wall, the value of the ation variable is preserved. The
variation of the ation variable after an impat with the moving wall is
I+ − I− = −2dd˙
pi
, (1.5)
where I− and I+ are the values of I prior to and after the impat orrespondingly.
Let us desribe an impat by means of Hamiltonian (1.3). An interation with the wall
is instantaneous. Hene, it is likely that the atual value of the variation of the ation
variable after an impat with the moving wall an be alulated in the following way: fix
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the moment of time at the impat, onsider Hamiltonian (1.3) as a Hamiltonian of a one
d.o.f. Hamiltonian system, and obtain the required value of the ation variable using the
energy onservation law.
Lemma 1 This approah properly desribes jump of the ation variable at an impat with
the moving wall.
Proof.
Suppose the value of time variable is fixed. Set the value of energy prior to an impat
equal to the value of energy after an impat:
pi2I2−
2d2
− piI−d˙
d
=
pi2I2+
2d2
+
piI+d˙
d
.
Hene, we obtain
pi(I2+ − I2−)
2d
= −d˙(I+ + I−),
from whih immediately follows (1.5).
As applied to the onsidering problem, the basi statement of the adiabati perturbation
theory an be formulated as follows.
Theorem 1 After anonial hange of variables (I, φ) 7→ (Iˆ , φˆ) with generating funtion
W = Iˆφ+ εS(Iˆ, φ, τ, ε), S = S1 + εS2 + . . .+ ε
r−2Sr−1, (1.6)
where r is any fixed natural number, Hamiltonian (1.3) takes the form
H = HΣ,r(Iˆ , τ, ε) + εrHr(Iˆ, φ(Iˆ , φˆ, τ, ε), τ, ε), (1.7)
HΣ,r = E + εH1 + . . .+ εr−1Hr−1.
Here Si = Si(Iˆ , φ, τ) , Hi = Hi(Iˆ , τ) . Funtions Si , Hi are C∞ in Iˆ , τ ; funtions Si
are ontinuous with respet to φ .
Proof.
We use the standard proedure of the adiabati perturbation theory (see, for example,
[1℄). Make a anonial hange of variables with generating funtion (1.6) in the system with
Hamiltonian (1.3). The variables transform aording to the following expressions
I = Iˆ + ε
∂S
∂φ
, φˆ = φ+ ε
∂S
∂Iˆ
. (1.8)
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New Hamiltonian H has the form
H = H(I, φ, τ, ε) + ε2∂S(Iˆ , φ, τ, ε)
∂τ
. (1.9)
Define funtions Si so that the new Hamiltonian has the form (1.7). Substitute expres-
sions (1.8) in (1.9) and equal terms of the same order in ε . Thus, we find the set of equations
from whih Si ,Hi an be found. For example, in the first order in ε we get
H1(Iˆ , τ) = ∂E
∂I
∂S1
∂φ
− Id
′
d
f(φ).
A prime denotes derivative with respet to τ . After averaging over φ one obtains
H1 = 0 . Therefore, S1 an be found as a quadrature, whih turns out to be ontinuous
with respet toφ . One an hoose S1 so that its average is 0 . Similarly, one an derive
funtions Si that are ontinuous with respet to φ and C
∞
with respet to Iˆ , τ . The
required properties of funtions Hi ,Hr follow.
Corollary 1.1 The value of variable Iˆ is preserved along a solution with an auray O(εr)
on time interval O(ε−k) for any prefixed natural number k . The value of variable φˆ is de-
fined by an integrable Hamiltonian system with Hamiltonian HΣ,r with an auray O(εr−k)
on the same time interval.
Proof.
Consider the hange of variables (I, φ) 7→ (I˜ , φ˜) generated by funtion W˜ = I˜φ +
εS˜(I˜ , φ, τ, ε) , S˜ = S1 + εS2 + . . .+ ε
r+k−2Sr−1 .
Aording to Theorem 1, the Hamiltonian funtion in the new variables has the form:
H˜ = HΣ,r+k(I˜ , τ, ε) + εr+kHr+k(I˜ , φ, τ, ε). (1.10)
The expressions for the hange of variables give Iˆ− I˜ = O(εr) . Hene, below we onsider
variation of variables I˜ and φˆ . Variation of value I˜ between the impats with the walls
is O(εr) . Consider variation of value I˜ at an impat with the moving wall. Lemma 1
desribes the way to alulate the value of variable I after an impat with the wall. In
order to determine variation of variable I˜ one substitutes I = I(I˜ , φ, τ, ε) in Hamiltonian
H in (1.3) and notes that H = H− ε2 ∂S˜
∂τ
. Thus, one obtains the following expression
HΣ,r+k(I˜+, τ, ε) + εr+kHr+k(I˜+, pi + 0, τ, ε)− ε2∂S˜(I˜+, pi, τ, ε)
∂τ
= HΣ,r+k(I˜−, τ, ε)+
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+εr+kHr+k(I˜−, pi − 0, τ, ε)− ε2∂S˜(I˜−, pi, τ, ε)
∂τ
.
Here I˜− and I˜+ are the values of I˜ prior to and after the impat respetively. We note
that the funtion S˜ is ontinuous with respet to φ . Hene, we find(
∂E(I˜−, τ)
∂I˜
+O(ε2)
)
(I˜+ − I˜−) = O(εr+k).
Therefore I˜+ − I˜− = O(εr+k) .
The partile ollides with the walls not more than O(εk) times. Therefore the value of
I˜ varies as O(εr) . Hene the part of the statement onerning variable I˜ is proved.
Consider now variation of φˆ . On any time interval between the impats with the moving
wall value of φˆ deviates from the solution of equation
˙ˆ
φ =
∂HΣ,r
∂Iˆ
, Iˆ = onst by O(εr) . At
a ollision with the moving wall value of variable φˆ jumps. Value of the jump an be found
from the formulas for hange of variables (1.8) and depends on variation of Iˆ . Funtions
Sm are ontinuous with respet to φ . Hene, the jump in the phase at an impat with the
wall is O(εr+1) . This ompletes the proof of the statement.
Corollary 1.2 Value of variable I is preserved with an auray O(ε) on a time interval
O(ε−k) for any prefixed natural number k .
Corollary 1.3 The formulas for hange of variables Iˆ , φˆ 7→ I, φ and approximate expres-
sions Iˆ = onst ,
˙ˆ
φ =
∂HΣ,r
∂Iˆ
desribe the behaviour of variables I, φ with an auray O(εr)
for I and O(εr−k) for φ on the time interval O(ε−k) .
Remark 1 Lemma 1, theorem 1 and orollaries 1.1 - 1.3 an be used in ase of motion
in potential U(x, τ) ∈ C∞ between the walls, and the partile in adiabati approximation
ollides with the walls at a nonzero veloity.
Remark 2 In [10℄ systems with impats are investigated in the following way. Instead of
system with impats, a smooth system with a repulsive potential strong in a thin layer (the
thikness of the layer δ << 1 , the gradient of the potential ∼ 1/δ ) is onsidered. Properties
of the system with impats are derived from that of the smooth system proeeding to limit as
δ → 0 . Following this approah one ould define suh a potential for Fermi-Ulam problem
(and for problems onsidered below, se. 2,3), use the perturbation theory for the smooth
system and obtain orresponding auray estimates for the system with impats. However,
one should onsider uniformity of auray estimates in δ . The method defined above allows
to avoid this problem.
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2 A slowly irregular planar waveguide
In this setion we onsider slowly irregular planar waveguides. The problem is to find the
trae for a ray of light propagating in a slowly irregular waveguide with refletive walls.
A slow irregularity means that the width of the waveguide is hanging slowly along the
waveguide's length [11℄.
Assume, for simpliity, that one wall of the waveguide oinides with x axis. The
position of another wall in the plane Oxy is defined by formula y = d(X) , where X = εx ,
ε is a small parameter (Fig.3). Let d(·) ∈ C∞ . Let us onsider the problem on a time
interval O(ε−k) , where k is any prefixed natural number. Assume that funtion d , its
derivatives of any order and funtion 1/d are uniformly bounded on the real axis.
One an desribe the propagation of rays of light in a medium using the Hamiltonian
system with Hamiltonian
H = p2x + p
2
y − n2(x, y), (2.1)
where one should onsider only zero energy level H = 0 [11℄. Here px,y are the variables
anonially onjugated to the oordinates x, y and n(x, y) is the refration index. In our
ase inside the waveguide n = 1 . The Hamiltonian system is not well defined at the refletive
walls and one an use only onservation laws there. In the unperturbed system X = onst
and the projetion of a phase trajetory on py, y plane looks similar to the phase trajetory
of a partile in Fig.2. Like in the previous setion, one an make a anonial hange of
variables (py, y) to ation-angle variables (I, φ) : I =
|py|·d(X)
pi
; if phase φ is zero at the
bottom wall, then
φ =
{
pi y
d(X)
, φ ∈ (0, pi),
pi(2− y
d(X)
), φ ∈ (pi, 2pi). (2.2)
Using standard definition of the phase (2.2) one obtains the generating funtion for the
hange of variables (py, y) to the ation-angle variables in the following form
W (I, y,X) =
{
pi Iy
d
, φ ∈ (0, pi),
pi(2− Iy
d
), φ ∈ (pi, 2pi). (2.3)
Make a anonial hange of variables ( px , x , py , y ) 7→ ( pˆx , x , I , φ ) with generating
funtion S = pˆxx +W (I, y, εx) in the exat (perturbed) system. The Hamiltonian in the
new variables is
H =
pi2I2
d2
+
(
pˆx − εI d
′
d
f(φ)
)2
− 1, (2.4)
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where f(φ) is defined in (1.4), the prime denotes a derivative with respet to X .
At a refletion at the bottom wall value of the ation is preserved. At a refletion at
the upper wall it transforms aording to the following expression
I1 = I − 2εd
′
1 + ε2d′2
(εd′I +
dpx
pi
). (2.5)
Remark 3 Value pˆx is preserved at a refletion. Formula (2.5) defines the law of trans-
formation for the angle of the ray of light arriving to the bottom wall. This angle transforms
after an impat with the upper wall as α1 = α− 2 arctg(εd′) , thus implying (2.5).
Lemma 2 Consider Hamiltonian (2.4) and fix variables (pˆx, x) . Value of the Hamiltonian
is preserved when value of φ passes through pi . This law of onservation defines the atual
value of ation variable I after refletion at the upper wall of the waveguide.
Proof.
Set equal values of Hamiltonian (2.4) before and after refletion of the ray at the upper
wall:
pi2I2
d2
+
(
pˆx − εI d
′
d
pi
)2
− 1 = pi
2I1
2
d2
+
(
pˆx + ε
I1 d
′
d
pi
)2
− 1.
After transformations obtain
pi2I2
d2
(1 + ε2d′2)− 2εpˆx I d
′
d
pi =
pi2I1
2
d2
(1 + ε2d′2) + 2εpˆx
I1 d
′
d
pi.
As value of the ation variable is positive, we find
I1 = I − 2εd
′
1 + ε2d′2
pˆxd
pi
.
Substituting the expression for momentum px = pˆx − ε I d′d pi , we finally get formula
I1 = I − 2εd
′
1 + ε2d′2
(εd′I +
dpx
pi
),
oiniding with (2.5). The lemma is proved.
Let us formulate the basi statement of the adiabati perturbation theory for the on-
sidered problem.
Theorem 2 After anonial hange of variables (pˆx, x, I, φ) 7→ (p˜x, x˜, I˜ , φ˜) with generat-
ing funtion
W = I˜φ+ p˜xx+ εS(I˜ , φ, p˜x, εx, ε), S = S1 + εS2 + . . .+ ε
r−2Sr−2, (2.6)
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where r is any prefixed natural number, Hamiltonian (2.4) takes the following form
H = HΣ,r(I˜ , p˜x, εx˜, ε) + εrHr(I˜ , φ, p˜x, εx, ε), (2.7)
HΣ,r = pi
2I˜2
d2
+ p˜2x − 1 + εH1 + . . .+ εr−1Hr−1.
Here funtions Si , Hi are C∞ with respet to I˜ , p˜x, εx˜ ; Si are ontinuous funtions of
φ .
Proof.
Make a anonial hange of variables (I, φ, pˆx, x) 7→ (I˜ , φ˜, p˜x, x˜) with generating fun-
tions (2.6). The variables are transformed as:


I = I˜ + ε∂S
∂φ
,
φ˜ = φ+ ε∂S
∂I
,
pˆx = p˜x + ε
2 ∂S
∂εx
,
εx˜ = εx+ ε2 ∂S
∂p˜x
.
(2.8)
Following the standard proedure of the adiabati perturbation theory, define funtions
Sm suh that the Hamiltonian in the new variables does not depend on φ up to terms of
order O(εm) and Sm are ontinuous and periodi with respet to φ . The proedure is as
follows: substitute formulas for the hange of the ation and longitudinal variables ( pˆx , x )
from (2.8) to Hamiltonian (2.4) and hoose the generating funtion so that the Hamiltonian
in the new variables has form (2.7).
Thus, one an reurrently define funtions Sm . For example, an equation for S1 looks
as follows:
∂S1
∂φ
=
p˜xd(X)d
′
pi2
f(φ).
One an hoose funtions Sm in suh a way that they have zero average with respet to
φ . Finally, the Hamiltonian takes the form we need. Funtions Si, Hi obviously have all
the properties mentioned in the theorem.
Consider the solutions of Hamiltonian equations with Hamiltonians (2.9) and
HΣ,r(J, p, εx, ε) orresponding to initial onditions I˜(0) = J(0), φ˜(0) = ψ(0), p˜x(0) =
p(0), x˜(0) = x(0) , where ψ is the phase variable onjugated to variable J .
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Corollary 2.1 Value of variable I˜ is preserved with an auray O(εr) on a time interval
ε−k for any prefixed natural number k . The projetion of the ray's trajetory on p˜x, εx˜
plane on suh an interval lies in the O(εr) -neighbourhood of urve HΣ,r(J, p, εx, ε) = 0 .
Behaviour of variables εx˜, p˜x, φ˜ is desribed by the solution of the system with Hamiltonian
HΣ,r with auraies O(εr−k+1), O(εr−k+1) , and O(εr−k) respetively (under some natural
additional onditions given below).
Proof.
Similarly to the previous setion, onsider an auxiliary hange of variables with generating
funtion
W = I¯φ+ p¯xx+ εS1(I¯, φ, p¯x, εx) + . . .+ ε
r+k−1Sr+k−1(I¯, φ, p¯x, εx).
Aording to Theorem 2, Hamiltonian (2.4) takes the form:
H = HΣ,r+k(I¯ , p¯x, εx¯, ε) + εr+kHr+k(I¯ , φ, p¯x, εx, ε),
where φ and x are onsidered as funtions of new variables (I¯ , φ¯, p¯x, x¯) . Formulas for the
hange of variables give I˜−I¯ = O(εr) , φ˜−φ¯ = O(εr) , x˜−x¯ = O(εr) and p˜x−p¯x = O(εr+1) .
Therefore, it is suffiient to onsider behaviour of variables I¯ , φ˜, p˜x, x˜ .
Consider an approximate onservation of variable I¯ . The ray's Hamiltonian in the new
variables is
H = HΣ,r+k(I¯ , p¯x, εx¯, ε) + εr+kHr+k(I¯ , φ, p¯x, εx, ε). (2.9)
On eah time interval between the refletions of the ray at the upper wall variable I¯ vary
aording to Hamiltonian equation
˙¯I = −εr+k∂Hr+k
∂φ¯
.
After summing up over all suh intervals, it gives an auray of onservation O(εr) .
It follows from (2.9) that values of variables (p¯x, x¯) jump at a refletion of the ray at
the upper wall. However, the generating funtion for the hange of variables is ontinuous
with respet to φ . Therefore, formulas for the hange of variables give ∆p¯x = O(ε
2∆I¯) ,
∆εx¯ = O(ε2∆I¯) , where ∆I¯ , ∆p¯x , ∆εx¯ are jumps of variables I¯ , p¯x , εx¯ after refletion
of the ray at the upper wall. Using Lemma 2, one estimates value of the jump of variable
I¯ as O(εr+k) . The ray reflets at the upper wall not more than O(ε−k) times on the time
interval ε−k . Therefore, total variation of variable I¯ is O(εr) . Thus, the part of the
theorem onerning variable I¯ is proved.
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Projetion of the rays trajetory on p˜x, εx˜ plane is in O(ε
r) -neighbourhood of the urve
HΣ,r(J, p, εx, ε) = 0 beause along the trajetory HΣ,r(J, p˜x, εx˜, ε) = O(εr) .
Values of variables p, x, ψ hange ontinuously, yet values of variables p¯x, x¯, φ¯ jump
at a refletion of the ray at the upper wall. It was noted above that values of jumps
of variables p¯x, x¯, φ¯ are determined by the value of jump of I¯ at the refletion of the
ray at the upper wall as ∆p¯ = O(ε2∆I¯) = O(εr+k+2) ∆x¯ = O(ε∆I¯) = O(εr+k+1) and
∆φ¯ = O(ε∆I¯) = O(εr+k+1) . Thus, total variations of values of variables ( p¯x , x¯ , φ¯ ) due to
refletions are O(εr+2) for variable p¯x and O(ε
r+1) for variables x¯ è φ¯ . Total variations
of variables p˜x , x˜ , φ˜ due to refletions are the same.
Consider the zero approximation of Hamiltonian HΣ,r :
H0Σ,r def= F =
pi2I2
d2(εx)
+ p2
The Hamiltonian system with Hamiltonian
1
2
H0Σ,r desribes the motion of a partile in
potential U = pi
2I2
2d2(εx)
. Assume (see Fig.4) that for the ray under onsideration value of
funtion F satisfies one of the following onditions: 1) it is larger than value of any loal
maximum of 2U or 2) the ray an reflet at a potential hump only one or 3) the ray moves
between two potential humps (resonator).
Consider ase 1). The motion of the ray has a given diretion, variables x˜ and x vary
monotonially. One an onsider variables p˜x and p as funtions of variables εx˜ and εx
respetively. At x = x˜ values of variables p˜x and p differ by O(ε
r) . It takes different
time for variables x˜ and x to reah a given value x∗ . This differene an be estimated as
follows:
x∗∫
x(0)
(
1
˙˜x
− 1
x˙
)
dx = O(εr−k).
Hene, for a given moment of time t one obtains: εx˜(t)− εx(t) = O(εr−k+1), p˜x(t)− p(t) =
O(εr−k+1) .
The deviation of phases φ˜− ψ at x = x˜ = x∗ is :
φ˜− ψ =
x∗∫
x(0)
(
ω(I˜, p˜x, εx, ε)
˙˜x
− ω(J, p, εx, ε)
x˙
)
dx+O(εr−k) = O(εr−k), (2.10)
where we introdued ω =
∂HΣ,r
∂I
. Therefore, for a given moment of time t one gets: φ˜(t)−
ψ(t) = O(εr−k) .
In ase 2) the ray an hange its diretion of propagation only one. Here one an
onsider two different regions and use either variable x or p as monotonially hanging
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variable in the orresponding region. In ase 3) the waveguide is onfigured as a resonator.
One an introdue an angle variable in the phase portrait of the system with Hamiltonian
HΣ,r(I, p, x) as a monotonially hanging variable. All arguments here are the same as in
ase 1).
Corollary 2.2 Value of variable I is preserved with an auray O(ε) on a time interval
ε−r for any prefixed natural number r .
Corollary 2.3 Behaviour of variables I, φ, pˆx, x an be found from the hange of variables
I˜ , φ˜, p˜x, x˜ 7→ I, φ, pˆx, x together with approximate expressions defining motion in the system
with Hamiltonian HΣ,r(I˜ , p˜x, εx˜) . An auray of suh a desription is the same as the
auray for variables I˜ , φ˜, p˜x, x˜ aording to orollary 2.1.
Remark 4 The Hamiltonian system with Hamiltonian
H =
pi2I2
d2
+ pˆ2x − 1 (2.11)
onsidered on the energy level H = 0 desribes the ray's trajetory with an auray O(ε)
on time intervals of order ε−1 .
Remark 5 Suppose that there is nonhomogeneous medium between the walls suh that a
refration index n(εx, y) ∈ C∞ and trae of the ray in adiabati approximation is inlined
to the walls at refletion at a nonzero angle; then Lemma 2, Theorem 2 and its orollaries
2.1  2.3 are still valid.
3 Dynamis of a massive piston in a gas of light partiles
The problem of an adiabati piston is an important model in statistial mehanis. It
is onsidered in the ontext of attempts to derive thermodynamis laws from the laws of
mehanis (see, for example, [2℄,[12℄). The orresponding system onsists of a ontainer with
a massive ylindrial piston and a gas of idential light partiles that move independently
elastially olliding with the walls of the ontainer and with the piston.
Let the mass of a partile be equal to 1 . Length of the ontainer subtrating thikness
of the piston L and the number of gas partiles are of the order 1 . Mass of the piston
M is large in omparison with mass of the gas. Suppose the piston is at rest at the initial
moment of time; then energy of the system does not depend on mass of the piston. Hene,
one an estimate energy of the piston as O(1) and its typial veloity as O( 1√
M
) . Therefore,
it is useful to introdue a small parameter ε = 1√
M
. Let us disuss the problem on a time
interval of order ε−1 .
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Below, to shorten the alulations, we onsider the ase when there is only one partile
on eah side of the piston (Fig.5). One an easily generalize following arguments for the
ase of any prefixed number of partiles. At the end of the setion we give the result for the
general ase. Without loss of generality, assume that the partiles' veloities are parallel to
the axis of the ontainer; thus, the motion is one-dimentional. Let indexes l, r orrespond to
variables of left and right partiles respetively. The variables without indexes orrespond
to the piston. Thus, full energy of the system is of the form:
E = ε2
P 2
2
+
p2l
2
+
p2r
2
, (3.1)
where pl,r are momenta of partiles, P is momentum of the piston. Denote as xl,r distanes
between partiles and the left wall of the ontainer, as X distane between the piston and
the left wall of the ontainer. The distane for the right partile is alulated subtrating
the thikness of the piston.
Suppose the piston is fixed. For eah partile make a anonial hange of variables from
(p, x) to ation-angle variables (I, φ) the same way as in Fermi-Ulam problem (Se. 1 ).
Let phases φl,r be zero at the walls of the ontainer; then
φl =
{
pi xl
X
, φ ∈ (0, pi),
pi(2− xl
X
), φ ∈ (pi, 2pi), φr =
{
piL−xr
L−X , φ ∈ (0, pi),
pi(2− L−xr
L−X ), φ ∈ (pi, 2pi).
(3.2)
Conjugated ation variables are Il =
|pl|X
pi
, Ir =
|pr|(L−X)
pi
. If phases are defined by
(3.2), generating funtions for the hange of variables (p, x) to ation-angle have the
following forms:
Sl(Il, xl, X) =
{
pi Ilxl
X
, φl ∈ (0, pi),
piIl(2− xlX ), φl ∈ (pi, 2pi),
Sr(Ir, xr, X) =
{
pi Ir(L−xr)
L−X , φr ∈ (0, pi),
piIr(2− L−xrL−X ), φr ∈ (pi, 2pi).
Make the hange of variables with generating funtion W = PˆX + Sl(Il, xl, X) +
Sr(Ir, xr, X) in the exat system, when the piston is moving. The Hamiltonian in the
new variables has the form:
H = ε21
2
(
Pˆ − Il
X
f(φl) +
Ir
L−Xf(φr)
)2
+
pi2I2l
2X2
+
pi2I2r
2(L−X)2 , (3.3)
where funtion f(φ) defined by (1.4).
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Let us find jump of the ation variable at an impat. It is natural to fix values of
all variables exept the variables of the olliding partile, obtain the Hamiltonian for the
partile and onsider the onservation law for the value of the Hamiltonian. Let us formulate
the orresponding lemma for the left partile (the lemma for the right partile is formulated
analogously). Let the prime denote value of the variable after an impat.
Lemma 3 This approah defines atual value of the ation variable after an impat:
I ′l = Il −
2PX
piM
+
2
M + 1
(
PX
piM
− Il). (3.4)
Remark 6 Veloities v and V of the partiles of mass 1 and M transform after an
elasti ollision as follows:
{
V ′ = V + 2
M+1
(v − V ),
v′ = 2V − v + 2
M+1
(v − V ).
Ation of the partile and momentum of the piston are Il =
|v|X
pi
, P = MV , from
whih follows (3.4).
Remark 7 If two partiles ollide with the piston at the same moment, the further dynamis
is not defined. Measure of initial onditions orresponding to suh ollisions equals 0 .
Therefore, we do not onsider these initial ondition.
Proof.
An impat is the the passage of φl through the value pi . Equating values of the energy
prior to- and after an impat, we find
pi2I2l
2X2
M + 1
M
− piIl
MX
(Pˆ +
Irf(φr)
L−X ) =
pi2I ′2l
2X2
M + 1
M
+
piI ′l
MX
(Pˆ +
Irf(φr)
L−X ). (3.5)
After alulations one obtains value of the ation variable:
I ′l = Il −
2
M + 1
X
pi
(Pˆ +
Irf(φr)
L−X ). (3.6)
Let P denote value of momentum of the piston prior to an impat; then
I ′l = Il −
2
M + 1
X
pi
(P +
piIl
X
). (3.7)
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Finally
I ′l = Il −
2PX
piM
+
2
M + 1
(
PX
piM
− Il),
and the lemma is proved.
Theorem 3 Values of variables Il,r are preserved with an auray O(ε) on a time interval
ε−1 .
Proof.
Introdue the normalized momentum of the piston by expression Pˇ = εPˆ and onsider
Hamiltonian (3.3) with an auray O(ε2) :
H = Pˇ
2
2
+
pi2I2l
2X2
+
pi2I2r
2(L−X)2 − εPˇ
Il
X
f(φl) + εPˇ
Ir
L−Xf(φr) +O(ε
2). (3.8)
Make a anonial hange of variables ( Il,r , φl,r , ε
−1Pˇ , X ) 7→ ( I˜l,r , φ˜l,r , ε−1P˜ ,
X˜ ), eliminating dependene of the Hamiltonian on the phase with an auray ε2 . The
generating funtion for this hange of variables has the form:
W =
1
ε
P˜X + I˜lφl + I˜rφr + εSl(I˜l, φl, P˜ , X) + εSr(I˜r, φr, P˜ , X). (3.9)
Consider the expressions onneting old and new variables:


Il,r = I˜l,r + ε
∂Sl,r
∂φl,r
,
φ˜l,r = φl,r + ε
∂Sl,r
∂Il,r
,
P = P˜ + ε2 ∂Sl
∂X
+ ε2 ∂Sr
∂X
,
X˜ = X + ε2 ∂Sl
∂P˜
+ ε2 ∂Sr
∂P˜
.
(3.10)
Substitute these expressions in Hamiltonian (3.8) and hoose funtions Sl,r so that the
Hamiltonian in the new variables does not depend on the phases in the first order in ε .
Therefore, funtions Sl,r satisfy equations
∂Sl
∂φl
=
P˜Xf(φl)
pi2
,
∂Sr
∂φr
= − P˜ (L−X)f(φr)
pi2
. (3.11)
It follows from (3.11) that funtions Sl,r are defined up to an arbitrary funtion of
variables I˜l,r, P˜ , X . Let this funtion be equal to 0 and all variables I˜l,r the improved
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ations. It is easy to see from (3.10), (3.11), that the new phase oinides with the old one
( φ˜l,r = φl,r ), and the Hamiltonian has a disontinuity at φ˜l,r = pi .
Lemma 3 and formulas (3.10), (3.11) allow to find variation of the improved ation
after an impat as O(ε2) . Variation of the improved ations between ollisions is also
O(ε2) . One an estimate the number of ollisions on a time interval ε−1 as O(ε−1) . Hene,
on a time interval ε−1 improved ations vary by O(ε) . The ation variables are related
to improved ations by formulas for the hange of variables Il,r = I˜l,r + ε
∂Sl,r
∂φl,r
. Therefore,
ation variables vary by O(ε) on the same time interval and the theorem is proved.
Corollary 3.1 Let
H = ε2
P 2
2
+
pi2I2l
2X2
+
pi2I2r
2(L−X)2 , Il,r = onst, (3.12)
where Il,r are initial values of the ation variables. The Hamiltonian system with Hamil-
tonian (3.12) desribe the behaviour of variables εP,X with an auray O(ε) on a time
interval ε−1 .
One an similarly onsider the system with any prefixed number of partiles. Value of
the ation variable of eah partile is preserved with an auray O(ε) on a time interval
ε−1 . The Hamiltonian system with Hamiltonian
H = ε2
P 2
2M
+
pi2
2X2
I2Σ,l +
pi2
2(L−X)2 I
2
Σ,r, (3.13)
desribes behaviour of variables εP,X with an auray O(ε) on the same time interval.
Here I2Σ,r and I
2
Σ,l are the sums of squared initial values of ation variables for the left
partiles and for the right partiles respetively. (This result was first derived in [2℄ by a
different method.)
Remark 8 In the onsidered approximation the piston osillates in potential U = pi
2
2X˜2
I2Σ,l+
pi2
2(L−X˜)2 I
2
Σ,r (Fig.6).
4 Aknowledgements
The work was partially supported by RFBR (03-01-00158, ÍØ136.2003.1)
16
Referenes
[1℄ V.I. Arnold, V.V. Kozlov, A.I. Neishtadt, Mathematial aspets of lassial and elestial
mehanis, Enylopaedia of Mathematial Sienes, Vol. 3, Springer, Berlin, (1988).
[2℄ Ya.G. Sinai, Dynamis of a massive piston surrounded by a finite number of light
partiles, Theor. Math. Phys., 125, 1351-1357 (1999).
[3℄ V.I. Arnold. Mathematial Methods of Classial Mehanis, Springer, New York, (1978).
[4℄ A.I. Neishtadt, Propagation of beams through smoothly irregular waveguides and theory
of perturbations in Hamiltonian systems. Radiophys. and Quantum Eletronis, 25, no.
2, 157164 (1982)
[5℄ A.P. Markeev, On the motion of a solid with an ideal nonretaining onstraint, J. Appl.
Math. Meh., 49 (1985), no. 5, 545552 (1986)
[6℄ A.P. Markeev, Qualitative analysis of systems with an ideal nonretaining onstraint, J.
Appl. Math. Meh., 53 (1989), no. 6, 685689 (1991)
[7℄ V. Zharnitsky, Invariant tori in Hamiltonian systems with impats, Commun. Math.
Phys., 211, no. 2, 289  302 (2000).
[8℄ A.I. Neishtadt, The separation of motions in systems with rapidly rotating phase, J.
Appl. Math. Meh., 48, 133-139 (1984).
[9℄ R.Z. Sagdeev, D.A. Usikov, G.M. Zaslavsky. Nonlinear Physis, Harwood Aademi
Publishers, Chur, (1988).
[10℄ V.V. Kozlov, D.V. Treshhev, A Geneti Introdution to the Dynamis of Systems with
Impats, AMS. 171 pp. (1991).
[11℄ Yu.A. Kravtsov, Yu.A. Orlov, Geometrial Optis of Inhomogeneous Media, Springer
Verlag, New York, (1990).
[12℄ E. Lieb, Some problems in statistial mehanis that I would like to see solved, Phys.
A, 263, no. 14, 491  499 (1999).
17
0 τd( )
Figure 1: A ball between slowly moving walls.
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Figure 2: A phase portrait for the motion of the
partile.
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Figure 3: A planar slowly irregular waveguide.
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Figure 4: The plot of funtion 2U and levels of
funtion F .
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Figure 5: The system of a piston and two par-
tiles.
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Figure 6: The effetive potential energy of the
piston.
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On the adiabati perturbation theory for systems with
impats
Gorelyshev I.V. Neishtadt A.I.
Spae Researh Institute, Profsoyuznaya 84/32, Mosow 117997, Russia
E-mail: igor_goriki.rssi.ru, aneishtaiki.rssi.ru
Abstrat.We justify an appliability of the adiabati perturbation theory for three well known
systems with impats: a ball between two slowly moving walls, a slowly irregular waveguide, and
an adiabati piston.
The adiabati perturbation theory (see, for example, [1℄, p. 200  211) is used to desribe
the dynamis in smooth Hamiltonian systems ontaining variables of two types: fast and
slow. The auray estimates of this theory are known. In a number of ases, one an formally
apply the proedure of this theory to disontinuous Hamiltonian systems, in partiular to
systems with impats. However, the validity of suh formal approah does not follow from
the theory for smooth systems. A distintive feature of onsidered problems is fast (instant)
variation of slow variables at an impat. In the present work we obtain auray estimates
of the adiabati perturbation theory for systems with impats. We onsider three model
problems that belong to the three main lasses of systems, where the adiabati perturbation
theory is used: 1) the motion of a ball between two slowly moving walls orresponds to the
Hamiltonian systems depending on slowly varying parameters; 2) the problem of a slowly
irregular waveguide orresponds to the Hamiltonian systems slowly depending on some of
variables ; 3) the problem of an adiabati piston orresponds to the Hamiltonian systems with
slow and fast motions. We disuss these problems in order to demonstrate the effetiveness
of the approah based on the adiabati perturbation theory: the dynamis in these problems
is well known, and it was desribed earlier by other methods (in partiular, in [2℄ for problem
3)).
The first approximation of the proedure of the adiabati perturbation theory leads to
a onlusion that the system has an adiabati invariant (an approximate integral). Suh
a onlusion is often used for systems with impats, but its validity is derived from diret
1
alulations (see [3℄, Se. 52). Higher approximations of the proedure of the adiabati per-
turbation theory for systems with impats are formally onsidered in [4℄. The perturbation
theory for non-smooth Hamiltonian systems is disussed in works [5, 6℄, yet only in the
ase of ontinuous phase variables. In systems with impats some of phase variables are
disontinuous at a point of refletion.
Dealing with systems with impats, one usually onsiders Poinare map in order to obtain
results analogous to those obtained for smooth systems by means of higher approximations
of the adiabati perturbation theory. If this map is smooth, one an either use the proedure
of the adiabati perturbation theory for smooth maps (see, for example, [7℄), or use an
artifiial approah, namely, to desribe the map as a Poinare map for an auxiliary smooth
Hamiltonian system and apply the proedure of the adiabati perturbation theory to this
system [8℄.
An advantage of the approah desribed in the present paper is that one an deal with
Hamiltonians of original systems, and onsider systems with impats similarly to smooth
systems. It is no need to onstrut and deal with Poinare maps (that an turn out to
be non-smooth as, for example, in the problem of an adiabati piston, se.4). Under this
approah alulations beome simpler and more onise.
1 Fermi-Ulam model
The problem of osillations of a partile between two slowly moving walls is alled the Fermi-
Ulam problem (or model) (Fig.1)[9℄. Let the left wall be fixed (this assumption is made to
shorten alulations) and the right wall slowly hange its position. The distane between
the walls is d(εt) ≥ onst > 0 , where t is the time variable, ε > 0 is a small parameter.
Introdue slow time variable τ , τ = εt . Let funtion d(·) ∈ C∞ . We onsider the problem
on a slow time interval that either does not depend on ε or grows as ε derease. In the
seond ase we shall suppose that funtion d and its derivatives are bounded on the real
axis. Let the mass of the partile be equal to 1 , then the veloity of the partile is equal to
its momentum. One an desribe the dynamis of the partile in the following way: between
the walls the partile has a onstant veloity v ; the veloity of the partile hange sign after
an impat with the left wall, and transforms as v1 = 2d˙− v after an impat with the right
moving wall. The Hamiltonian of the partile is well defined between walls and desribes
free motion of the partile with a onstant momentum v .
One an interpret the problem as the motion of a partile in a potential that equals 0
between the walls and +∞ in the other spae. The right wall is moving slowly. Therefore,
it is useful to onsider the problem when the right wall is fixed ( d = onst ). The phase
2
portrait of this system is shown in Fig.2. On the portrait one an define ation-angle
variables (I, φ) in a standard way. Ation is the area bounded by a phase trajetory
divided by 2pi : I = 1
2pi
· |v| ·2d = d
pi
√
2E , where E is the Hamiltonian of the partile. Hene,
E = pi
2I2
2d2
. The angle (phase) φ is the uniformly hanging angle variable on the trajetory;
φ = 2pi t
T
, where t is the time interval orresponding to the motion of the partile from the
initial point to a given point and T is the period of motion.
Suppose the phase is zero at the left wall; then
φ =
{
pi x
d
, φ ∈ (0, pi),
pi(2− x
d
), φ ∈ (pi, 2pi), (1.1)
where x is the distane between the partile and the left wall.
If the phase is defined by (1.1), then generating funtion W = W (x, I, d) of the form
W =
{
pi Ix
d
, φ ∈ (0, pi),
pi(2− Ix
d
), φ ∈ (pi, 2pi) (1.2)
transforms variables (v, x) to the ation-angle variables.
Use generating funtion W to make a hange of variables in the real system with right
wall moving slowly. The motion of the partile between the walls is desribed by the Hamil-
tonian system with Hamiltonian H = E + ∂W
∂t
:
H =
pi2I2
2d2
− Id˙
d
f(φ), (1.3)
where
f(φ) =
{
φ, φ ∈ (0, pi),
φ− 2pi, φ ∈ (pi, 2pi). (1.4)
Hamiltonian (1.3) ompletely desribes the motion of a partile between the walls.
At an impat with the fixed wall, the value of the ation variable is preserved. The
variation of the ation variable after an impat with the moving wall is
I+ − I− = −2dd˙
pi
, (1.5)
where I− and I+ are the values of I prior to and after the impat orrespondingly.
Let us desribe an impat by means of Hamiltonian (1.3). An interation with the wall
is instantaneous. Hene, it is likely that the atual value of the variation of the ation
variable after an impat with the moving wall an be alulated in the following way: fix the
3
moment of time at the impat, onsider Hamiltonian (1.3) as a Hamiltonian of a one d.o.f.
Hamiltonian system, and obtain the required value of the ation variable using the energy
onservation law.
Lemma 1 This approah properly desribes jump of the ation variable at an impat with
the moving wall.
Proof.
Suppose the value of time variable is fixed. Set the value of energy prior to an impat
equal to the value of energy after an impat:
pi2I2−
2d2
− piI−d˙
d
=
pi2I2+
2d2
+
piI+d˙
d
.
Hene, we obtain
pi(I2+ − I2−)
2d
= −d˙(I+ + I−),
from whih immediately follows (1.5).
As applied to the onsidering problem, the basi statement of the adiabati perturbation
theory an be formulated as follows.
Theorem 1 After anonial hange of variables (I, φ) 7→ (Iˆ , φˆ) with generating funtion
W = Iˆφ+ εS(Iˆ, φ, τ, ε), S = S1 + εS2 + . . .+ ε
r−2Sr−1, (1.6)
where r is any fixed natural number, Hamiltonian (1.3) takes the form
H = HΣ,r(Iˆ , τ, ε) + εrHr(Iˆ, φ(Iˆ , φˆ, τ, ε), τ, ε), (1.7)
HΣ,r = E + εH1 + . . .+ εr−1Hr−1.
Here Si = Si(Iˆ , φ, τ) , Hi = Hi(Iˆ , τ) . Funtions Si , Hi are C∞ in Iˆ, τ ; funtions Si
are ontinuous with respet to φ .
Proof.
We use the standard proedure of the adiabati perturbation theory (see, for example,
[1℄). Make a anonial hange of variables with generating funtion (1.6) in the system with
Hamiltonian (1.3). The variables transform aording to the following expressions
I = Iˆ + ε
∂S
∂φ
, φˆ = φ+ ε
∂S
∂Iˆ
. (1.8)
4
New Hamiltonian H has the form
H = H(I, φ, τ, ε) + ε2∂S(Iˆ , φ, τ, ε)
∂τ
. (1.9)
Define funtions Si so that the new Hamiltonian has the form (1.7). Substitute expres-
sions (1.8) in (1.9) and equal terms of the same order in ε . Thus, we find the set of equations
from whih Si ,Hi an be found. For example, in the first order in ε we get
H1(Iˆ , τ) = ∂E
∂I
∂S1
∂φ
− Id
′
d
f(φ).
A prime denotes derivative with respet to τ . After averaging over φ one obtains H1 =
0 . Therefore, S1 an be found as a quadrature, whih turns out to be ontinuous with respet
toφ . One an hoose S1 so that its average is 0 . Similarly, one an derive funtions Si that
are ontinuous with respet to φ and C∞ with respet to Iˆ , τ . The required properties of
funtions Hi ,Hr follow.
Corollary 1.1 The value of variable Iˆ is preserved along a solution with an auray O(εr)
on time interval O(ε−k) for any prefixed natural number k . The value of variable φˆ is de-
fined by an integrable Hamiltonian system with Hamiltonian HΣ,r with an auray O(εr−k)
on the same time interval.
Proof.
Consider the hange of variables (I, φ) 7→ (I˜ , φ˜) generated by funtion W˜ = I˜φ +
εS˜(I˜ , φ, τ, ε) , S˜ = S1 + εS2 + . . .+ ε
r+k−2Sr−1 .
Aording to Theorem 1, the Hamiltonian funtion in the new variables has the form:
H˜ = HΣ,r+k(I˜ , τ, ε) + εr+kHr+k(I˜ , φ, τ, ε). (1.10)
The expressions for the hange of variables give Iˆ− I˜ = O(εr) . Hene, below we onsider
variation of variables I˜ and φˆ . Variation of value I˜ between the impats with the walls is
O(εr) . Consider variation of value I˜ at an impat with the moving wall. Lemma 1 desribes
the way to alulate the value of variable I after an impat with the wall. In order to
determine variation of variable I˜ one substitutes I = I(I˜ , φ, τ, ε) in Hamiltonian H in
(1.3) and notes that H = H− ε2 ∂S˜
∂τ
. Thus, one obtains the following expression
HΣ,r+k(I˜+, τ, ε) + εr+kHr+k(I˜+, pi + 0, τ, ε)− ε2∂S˜(I˜+, pi, τ, ε)
∂τ
= HΣ,r+k(I˜−, τ, ε)+
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+εr+kHr+k(I˜−, pi − 0, τ, ε)− ε2∂S˜(I˜−, pi, τ, ε)
∂τ
.
Here I˜− and I˜+ are the values of I˜ prior to and after the impat respetively. We note
that the funtion S˜ is ontinuous with respet to φ . Hene, we find(
∂E(I˜−, τ)
∂I˜
+O(ε2)
)
(I˜+ − I˜−) = O(εr+k).
Therefore I˜+ − I˜− = O(εr+k) .
The partile ollides with the walls not more than O(εk) times. Therefore the value of
I˜ varies as O(εr) . Hene the part of the statement onerning variable I˜ is proved.
Consider now variation of φˆ . On any time interval between the impats with the moving
wall value of φˆ deviates from the solution of equation
˙ˆ
φ =
∂HΣ,r
∂Iˆ
, Iˆ = onst by O(εr) . At
a ollision with the moving wall value of variable φˆ jumps. Value of the jump an be found
from the formulas for hange of variables (1.8) and depends on variation of Iˆ . Funtions
Sm are ontinuous with respet to φ . Hene, the jump in the phase at an impat with the
wall is O(εr+1) . This ompletes the proof of the statement.
Corollary 1.2 Value of variable I is preserved with an auray O(ε) on a time interval
O(ε−k) for any prefixed natural number k .
Corollary 1.3 The formulas for hange of variables Iˆ , φˆ 7→ I, φ and approximate expres-
sions Iˆ = onst ,
˙ˆ
φ =
∂HΣ,r
∂Iˆ
desribe the behaviour of variables I, φ with an auray O(εr)
for I and O(εr−k) for φ on the time interval O(ε−k) .
Remark 1 Lemma 1, theorem 1 and orollaries 1.1 - 1.3 an be used in ase of motion
in potential U(x, τ) ∈ C∞ between the walls, and the partile in adiabati approximation
ollides with the walls at a nonzero veloity.
Remark 2 In [10℄ systems with impats are investigated in the following way. Instead of
system with impats, a smooth system with a repulsive potential strong in a thin layer (the
thikness of the layer δ << 1 , the gradient of the potential ∼ 1/δ ) is onsidered. Properties
of the system with impats are derived from that of the smooth system proeeding to limit as
δ → 0 . Following this approah one ould define suh a potential for Fermi-Ulam problem
(and for problems onsidered below, se. 2,3), use the perturbation theory for the smooth
system and obtain orresponding auray estimates for the system with impats. However,
one should onsider uniformity of auray estimates in δ . The method defined above allows
to avoid this problem.
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2 A slowly irregular planar waveguide
In this setion we onsider slowly irregular planar waveguides. The problem is to find the
trae for a ray of light propagating in a slowly irregular waveguide with refletive walls.
A slow irregularity means that the width of the waveguide is hanging slowly along the
waveguide's length [11℄.
Assume, for simpliity, that one wall of the waveguide oinides with x axis. The position
of another wall in the plane Oxy is defined by formula y = d(X) , where X = εx , ε is
a small parameter (Fig.3). Let d(·) ∈ C∞ . Let us onsider the problem on a time interval
O(ε−k) , where k is any prefixed natural number. Assume that funtion d , its derivatives
of any order and funtion 1/d are uniformly bounded on the real axis.
One an desribe the propagation of rays of light in a medium using the Hamiltonian
system with Hamiltonian
H = p2x + p
2
y − n2(x, y), (2.1)
where one should onsider only zero energy level H = 0 [11℄. Here px,y are the variables
anonially onjugated to the oordinates x, y and n(x, y) is the refration index. In our
ase inside the waveguide n = 1 . The Hamiltonian system is not well defined at the refletive
walls and one an use only onservation laws there. In the unperturbed system X = onst
and the projetion of a phase trajetory on py, y plane looks similar to the phase trajetory
of a partile in Fig.2. Like in the previous setion, one an make a anonial hange of
variables (py, y) to ation-angle variables (I, φ) : I =
|py|·d(X)
pi
; if phase φ is zero at the
bottom wall, then
φ =
{
pi y
d(X)
, φ ∈ (0, pi),
pi(2− y
d(X)
), φ ∈ (pi, 2pi). (2.2)
Using standard definition of the phase (2.2) one obtains the generating funtion for the
hange of variables (py, y) to the ation-angle variables in the following form
W (I, y,X) =
{
pi Iy
d
, φ ∈ (0, pi),
pi(2− Iy
d
), φ ∈ (pi, 2pi). (2.3)
Make a anonial hange of variables ( px , x , py , y ) 7→ ( pˆx , x , I , φ ) with generating
funtion S = pˆxx +W (I, y, εx) in the exat (perturbed) system. The Hamiltonian in the
new variables is
H =
pi2I2
d2
+
(
pˆx − εI d
′
d
f(φ)
)2
− 1, (2.4)
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where f(φ) is defined in (1.4), the prime denotes a derivative with respet to X .
At a refletion at the bottom wall value of the ation is preserved. At a refletion at
the upper wall it transforms aording to the following expression
I1 = I − 2εd
′
1 + ε2d′2
(εd′I +
dpx
pi
). (2.5)
Remark 3 Value pˆx is preserved at a refletion. Formula (2.5) defines the law of trans-
formation for the angle of the ray of light arriving to the bottom wall. This angle transforms
after an impat with the upper wall as α1 = α− 2 arctg(εd′) , thus implying (2.5).
Lemma 2 Consider Hamiltonian (2.4) and fix variables (pˆx, x) . Value of the Hamiltonian
is preserved when value of φ passes through pi . This law of onservation defines the atual
value of ation variable I after refletion at the upper wall of the waveguide.
Proof.
Set equal values of Hamiltonian (2.4) before and after refletion of the ray at the upper
wall:
pi2I2
d2
+
(
pˆx − εI d
′
d
pi
)2
− 1 = pi
2I1
2
d2
+
(
pˆx + ε
I1 d
′
d
pi
)2
− 1.
After transformations obtain
pi2I2
d2
(1 + ε2d′2)− 2εpˆx I d
′
d
pi =
pi2I1
2
d2
(1 + ε2d′2) + 2εpˆx
I1 d
′
d
pi.
As value of the ation variable is positive, we find
I1 = I − 2εd
′
1 + ε2d′2
pˆxd
pi
.
Substituting the expression for momentum px = pˆx − ε I d′d pi , we finally get formula
I1 = I − 2εd
′
1 + ε2d′2
(εd′I +
dpx
pi
),
oiniding with (2.5). The lemma is proved.
Let us formulate the basi statement of the adiabati perturbation theory for the on-
sidered problem.
Theorem 2 After anonial hange of variables (pˆx, x, I, φ) 7→ (p˜x, x˜, I˜ , φ˜) with generat-
ing funtion
W = I˜φ+ p˜xx+ εS(I˜ , φ, p˜x, εx, ε), S = S1 + εS2 + . . .+ ε
r−2Sr−2, (2.6)
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where r is any prefixed natural number, Hamiltonian (2.4) takes the following form
H = HΣ,r(I˜ , p˜x, εx˜, ε) + εrHr(I˜ , φ, p˜x, εx, ε), (2.7)
HΣ,r = pi
2I˜2
d2
+ p˜2x − 1 + εH1 + . . .+ εr−1Hr−1.
Here funtions Si , Hi are C∞ with respet to I˜ , p˜x, εx˜ ; Si are ontinuous funtions of
φ .
Proof.
Make a anonial hange of variables (I, φ, pˆx, x) 7→ (I˜ , φ˜, p˜x, x˜) with generating fun-
tions (2.6). The variables are transformed as:


I = I˜ + ε∂S
∂φ
,
φ˜ = φ+ ε∂S
∂I
,
pˆx = p˜x + ε
2 ∂S
∂εx
,
εx˜ = εx+ ε2 ∂S
∂p˜x
.
(2.8)
Following the standard proedure of the adiabati perturbation theory, define funtions
Sm suh that the Hamiltonian in the new variables does not depend on φ up to terms of
order O(εm) and Sm are ontinuous and periodi with respet to φ . The proedure is as
follows: substitute formulas for the hange of the ation and longitudinal variables ( pˆx , x )
from (2.8) to Hamiltonian (2.4) and hoose the generating funtion so that the Hamiltonian
in the new variables has form (2.7).
Thus, one an reurrently define funtions Sm . For example, an equation for S1 looks
as follows:
∂S1
∂φ
=
p˜xd(X)d
′
pi2
f(φ).
One an hoose funtions Sm in suh a way that they have zero average with respet
to φ . Finally, the Hamiltonian takes the form we need. Funtions Si, Hi obviously have all
the properties mentioned in the theorem.
Consider the solutions of Hamiltonian equations with Hamiltonians (2.9) and
HΣ,r(J, p, εx, ε) orresponding to initial onditions I˜(0) = J(0), φ˜(0) = ψ(0), p˜x(0) =
p(0), x˜(0) = x(0) , where ψ is the phase variable onjugated to variable J .
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Corollary 2.1 Value of variable I˜ is preserved with an auray O(εr) on a time interval
ε−k for any prefixed natural number k . The projetion of the ray's trajetory on p˜x, εx˜
plane on suh an interval lies in the O(εr) -neighbourhood of urve HΣ,r(J, p, εx, ε) = 0 .
Behaviour of variables εx˜, p˜x, φ˜ is desribed by the solution of the system with Hamiltonian
HΣ,r with auraies O(εr−k+1), O(εr−k+1) , and O(εr−k) respetively (under some natural
additional onditions given below).
Proof.
Similarly to the previous setion, onsider an auxiliary hange of variables with generating
funtion
W = I¯φ+ p¯xx+ εS1(I¯, φ, p¯x, εx) + . . .+ ε
r+k−1Sr+k−1(I¯, φ, p¯x, εx).
Aording to Theorem 2, Hamiltonian (2.4) takes the form:
H = HΣ,r+k(I¯ , p¯x, εx¯, ε) + εr+kHr+k(I¯ , φ, p¯x, εx, ε),
where φ and x are onsidered as funtions of new variables (I¯ , φ¯, p¯x, x¯) . Formulas for the
hange of variables give I˜−I¯ = O(εr) , φ˜−φ¯ = O(εr) , x˜−x¯ = O(εr) and p˜x−p¯x = O(εr+1) .
Therefore, it is suffiient to onsider behaviour of variables I¯ , φ˜, p˜x, x˜ .
Consider an approximate onservation of variable I¯ . The ray's Hamiltonian in the new
variables is
H = HΣ,r+k(I¯ , p¯x, εx¯, ε) + εr+kHr+k(I¯ , φ, p¯x, εx, ε). (2.9)
On eah time interval between the refletions of the ray at the upper wall variable I¯ vary
aording to Hamiltonian equation
˙¯I = −εr+k∂Hr+k
∂φ¯
.
After summing up over all suh intervals, it gives an auray of onservation O(εr) .
It follows from (2.9) that values of variables (p¯x, x¯) jump at a refletion of the ray at
the upper wall. However, the generating funtion for the hange of variables is ontinuous
with respet to φ . Therefore, formulas for the hange of variables give ∆p¯x = O(ε
2∆I¯) ,
∆εx¯ = O(ε2∆I¯) , where ∆I¯ , ∆p¯x , ∆εx¯ are jumps of variables I¯ , p¯x , εx¯ after refletion
of the ray at the upper wall. Using Lemma 2, one estimates value of the jump of variable
I¯ as O(εr+k) . The ray reflets at the upper wall not more than O(ε−k) times on the time
interval ε−k . Therefore, total variation of variable I¯ is O(εr) . Thus, the part of the theorem
onerning variable I¯ is proved.
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Projetion of the rays trajetory on p˜x, εx˜ plane is in O(ε
r) -neighbourhood of the urve
HΣ,r(J, p, εx, ε) = 0 beause along the trajetory HΣ,r(J, p˜x, εx˜, ε) = O(εr) .
Values of variables p, x, ψ hange ontinuously, yet values of variables p¯x, x¯, φ¯ jump at
a refletion of the ray at the upper wall. It was noted above that values of jumps of variables
p¯x, x¯, φ¯ are determined by the value of jump of I¯ at the refletion of the ray at the upper
wall as ∆p¯ = O(ε2∆I¯) = O(εr+k+2) ∆x¯ = O(ε∆I¯) = O(εr+k+1) and ∆φ¯ = O(ε∆I¯) =
O(εr+k+1) . Thus, total variations of values of variables ( p¯x , x¯ , φ¯ ) due to refletions are
O(εr+2) for variable p¯x and O(ε
r+1) for variables x¯ è φ¯ . Total variations of variables
p˜x , x˜ , φ˜ due to refletions are the same.
Consider the zero approximation of Hamiltonian HΣ,r :
H0Σ,r def= F =
pi2I2
d2(εx)
+ p2
The Hamiltonian system with Hamiltonian
1
2
H0Σ,r desribes the motion of a partile in
potential U = pi
2I2
2d2(εx)
. Assume (see Fig.4) that for the ray under onsideration value of
funtion F satisfies one of the following onditions: 1) it is larger than value of any loal
maximum of 2U or 2) the ray an reflet at a potential hump only one or 3) the ray moves
between two potential humps (resonator).
Consider ase 1). The motion of the ray has a given diretion, variables x˜ and x vary
monotonially. One an onsider variables p˜x and p as funtions of variables εx˜ and εx
respetively. At x = x˜ values of variables p˜x and p differ by O(ε
r) . It takes different time
for variables x˜ and x to reah a given value x∗ . This differene an be estimated as follows:
x∗∫
x(0)
(
1
˙˜x
− 1
x˙
)
dx = O(εr−k).
Hene, for a given moment of time t one obtains: εx˜(t)− εx(t) = O(εr−k+1), p˜x(t)− p(t) =
O(εr−k+1) .
The deviation of phases φ˜− ψ at x = x˜ = x∗ is :
φ˜− ψ =
x∗∫
x(0)
(
ω(I˜, p˜x, εx, ε)
˙˜x
− ω(J, p, εx, ε)
x˙
)
dx+O(εr−k) = O(εr−k), (2.10)
where we introdued ω =
∂HΣ,r
∂I
. Therefore, for a given moment of time t one gets: φ˜(t)−
ψ(t) = O(εr−k) .
In ase 2) the ray an hange its diretion of propagation only one. Here one an onsider
two different regions and use either variable x or p as monotonially hanging variable
in the orresponding region. In ase 3) the waveguide is onfigured as a resonator. One
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an introdue an angle variable in the phase portrait of the system with Hamiltonian
HΣ,r(I, p, x) as a monotonially hanging variable. All arguments here are the same as in
ase 1).
Corollary 2.2 Value of variable I is preserved with an auray O(ε) on a time interval
ε−r for any prefixed natural number r .
Corollary 2.3 Behaviour of variables I, φ, pˆx, x an be found from the hange of variables
I˜ , φ˜, p˜x, x˜ 7→ I, φ, pˆx, x together with approximate expressions defining motion in the system
with Hamiltonian HΣ,r(I˜ , p˜x, εx˜) . An auray of suh a desription is the same as the
auray for variables I˜ , φ˜, p˜x, x˜ aording to orollary 2.1.
Remark 4 The Hamiltonian system with Hamiltonian
H =
pi2I2
d2
+ pˆ2x − 1 (2.11)
onsidered on the energy level H = 0 desribes the ray's trajetory with an auray O(ε)
on time intervals of order ε−1 .
Remark 5 Suppose that there is nonhomogeneous medium between the walls suh that a
refration index n(εx, y) ∈ C∞ and trae of the ray in adiabati approximation is inlined
to the walls at refletion at a nonzero angle; then Lemma 2, Theorem 2 and its orollaries
2.1  2.3 are still valid.
3 Dynamis of a massive piston in a gas of light partiles
The problem of an adiabati piston is an important model in statistial mehanis. It is
onsidered in the ontext of attempts to derive thermodynamis laws from the laws of
mehanis (see, for example, [2℄,[12℄). The orresponding system onsists of a ontainer with
a massive ylindrial piston and a gas of idential light partiles that move independently
elastially olliding with the walls of the ontainer and with the piston.
Let the mass of a partile be equal to 1 . Length of the ontainer subtrating thikness
of the piston L and the number of gas partiles are of the order 1 . Mass of the piston M is
large in omparison with mass of the gas. Suppose the piston is at rest at the initial moment
of time; then energy of the system does not depend on mass of the piston. Hene, one an
estimate energy of the piston as O(1) and its typial veloity as O( 1√
M
) . Therefore, it is
useful to introdue a small parameter ε = 1√
M
. Let us disuss the problem on a time interval
of order ε−1 .
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Below, to shorten the alulations, we onsider the ase when there is only one partile
on eah side of the piston (Fig.5). One an easily generalize following arguments for the ase
of any prefixed number of partiles. At the end of the setion we give the result for the
general ase. Without loss of generality, assume that the partiles' veloities are parallel to
the axis of the ontainer; thus, the motion is one-dimentional. Let indexes l, r orrespond to
variables of left and right partiles respetively. The variables without indexes orrespond
to the piston. Thus, full energy of the system is of the form:
E = ε2
P 2
2
+
p2l
2
+
p2r
2
, (3.1)
where pl,r are momenta of partiles, P is momentum of the piston. Denote as xl,r distanes
between partiles and the left wall of the ontainer, as X distane between the piston and
the left wall of the ontainer. The distane for the right partile is alulated subtrating
the thikness of the piston.
Suppose the piston is fixed. For eah partile make a anonial hange of variables from
(p, x) to ation-angle variables (I, φ) the same way as in Fermi-Ulam problem (Se. 1 ).
Let phases φl,r be zero at the walls of the ontainer; then
φl =
{
pi xl
X
, φ ∈ (0, pi),
pi(2− xl
X
), φ ∈ (pi, 2pi), φr =
{
piL−xr
L−X , φ ∈ (0, pi),
pi(2− L−xr
L−X ), φ ∈ (pi, 2pi).
(3.2)
Conjugated ation variables are Il =
|pl|X
pi
, Ir =
|pr|(L−X)
pi
. If phases are defined by
(3.2), generating funtions for the hange of variables (p, x) to ation-angle have the
following forms:
Sl(Il, xl, X) =
{
pi Ilxl
X
, φl ∈ (0, pi),
piIl(2− xlX ), φl ∈ (pi, 2pi),
Sr(Ir, xr, X) =
{
pi Ir(L−xr)
L−X , φr ∈ (0, pi),
piIr(2− L−xrL−X ), φr ∈ (pi, 2pi).
Make the hange of variables with generating funtion W = PˆX + Sl(Il, xl, X) +
Sr(Ir, xr, X) in the exat system, when the piston is moving. The Hamiltonian in the new
variables has the form:
H = ε21
2
(
Pˆ − Il
X
f(φl) +
Ir
L−Xf(φr)
)2
+
pi2I2l
2X2
+
pi2I2r
2(L−X)2 , (3.3)
where funtion f(φ) defined by (1.4).
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Let us find jump of the ation variable at an impat. It is natural to fix values of
all variables exept the variables of the olliding partile, obtain the Hamiltonian for the
partile and onsider the onservation law for the value of the Hamiltonian. Let us formulate
the orresponding lemma for the left partile (the lemma for the right partile is formulated
analogously). Let the prime denote value of the variable after an impat.
Lemma 3 This approah defines atual value of the ation variable after an impat:
I ′l = Il −
2PX
piM
+
2
M + 1
(
PX
piM
− Il). (3.4)
Remark 6 Veloities v and V of the partiles of mass 1 and M transform after an
elasti ollision as follows:
{
V ′ = V + 2
M+1
(v − V ),
v′ = 2V − v + 2
M+1
(v − V ).
Ation of the partile and momentum of the piston are Il =
|v|X
pi
, P = MV , from
whih follows (3.4).
Remark 7 If two partiles ollide with the piston at the same moment, the further dynam-
is is not defined. Measure of initial onditions orresponding to suh ollisions equals 0 .
Therefore, we do not onsider these initial ondition.
Proof.
An impat is the the passage of φl through the value pi . Equating values of the energy
prior to- and after an impat, we find
pi2I2l
2X2
M + 1
M
− piIl
MX
(Pˆ +
Irf(φr)
L−X ) =
pi2I ′2l
2X2
M + 1
M
+
piI ′l
MX
(Pˆ +
Irf(φr)
L−X ). (3.5)
After alulations one obtains value of the ation variable:
I ′l = Il −
2
M + 1
X
pi
(Pˆ +
Irf(φr)
L−X ). (3.6)
Let P denote value of momentum of the piston prior to an impat; then
I ′l = Il −
2
M + 1
X
pi
(P +
piIl
X
). (3.7)
14
Finally
I ′l = Il −
2PX
piM
+
2
M + 1
(
PX
piM
− Il),
and the lemma is proved.
Theorem 3 Values of variables Il,r are preserved with an auray O(ε) on a time interval
ε−1 .
Proof.
Introdue the normalized momentum of the piston by expression Pˇ = εPˆ and onsider
Hamiltonian (3.3) with an auray O(ε2) :
H = Pˇ
2
2
+
pi2I2l
2X2
+
pi2I2r
2(L−X)2 − εPˇ
Il
X
f(φl) + εPˇ
Ir
L−Xf(φr) +O(ε
2). (3.8)
Make a anonial hange of variables ( Il,r , φl,r , ε
−1Pˇ , X ) 7→ ( I˜l,r , φ˜l,r , ε−1P˜ , X˜ ),
eliminating dependene of the Hamiltonian on the phase with an auray ε2 . The generating
funtion for this hange of variables has the form:
W =
1
ε
P˜X + I˜lφl + I˜rφr + εSl(I˜l, φl, P˜ , X) + εSr(I˜r, φr, P˜ , X). (3.9)
Consider the expressions onneting old and new variables:


Il,r = I˜l,r + ε
∂Sl,r
∂φl,r
,
φ˜l,r = φl,r + ε
∂Sl,r
∂Il,r
,
P = P˜ + ε2 ∂Sl
∂X
+ ε2 ∂Sr
∂X
,
X˜ = X + ε2 ∂Sl
∂P˜
+ ε2 ∂Sr
∂P˜
.
(3.10)
Substitute these expressions in Hamiltonian (3.8) and hoose funtions Sl,r so that the
Hamiltonian in the new variables does not depend on the phases in the first order in ε .
Therefore, funtions Sl,r satisfy equations
∂Sl
∂φl
=
P˜Xf(φl)
pi2
,
∂Sr
∂φr
= − P˜ (L−X)f(φr)
pi2
. (3.11)
It follows from (3.11) that funtions Sl,r are defined up to an arbitrary funtion of
variables I˜l,r, P˜ , X . Let this funtion be equal to 0 and all variables I˜l,r the improved
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ations. It is easy to see from (3.10), (3.11), that the new phase oinides with the old one
( φ˜l,r = φl,r ), and the Hamiltonian has a disontinuity at φ˜l,r = pi .
Lemma 3 and formulas (3.10), (3.11) allow to find variation of the improved ation
after an impat as O(ε2) . Variation of the improved ations between ollisions is also
O(ε2) . One an estimate the number of ollisions on a time interval ε−1 as O(ε−1) . Hene,
on a time interval ε−1 improved ations vary by O(ε) . The ation variables are related
to improved ations by formulas for the hange of variables Il,r = I˜l,r + ε
∂Sl,r
∂φl,r
. Therefore,
ation variables vary by O(ε) on the same time interval and the theorem is proved.
Corollary 3.1 Let
H = ε2
P 2
2
+
pi2I2l
2X2
+
pi2I2r
2(L−X)2 , Il,r = onst, (3.12)
where Il,r are initial values of the ation variables. The Hamiltonian system with Hamil-
tonian (3.12) desribe the behaviour of variables εP,X with an auray O(ε) on a time
interval ε−1 .
One an similarly onsider the system with any prefixed number of partiles. Value of
the ation variable of eah partile is preserved with an auray O(ε) on a time interval
ε−1 . The Hamiltonian system with Hamiltonian
H = ε2
P 2
2M
+
pi2
2X2
I2Σ,l +
pi2
2(L−X)2 I
2
Σ,r, (3.13)
desribes behaviour of variables εP,X with an auray O(ε) on the same time interval.
Here I2Σ,r and I
2
Σ,l are the sums of squared initial values of ation variables for the left
partiles and for the right partiles respetively. (This result was first derived in [2℄ by a
different method.)
Remark 8 In the onsidered approximation the piston osillates in potential U = pi
2
2X˜2
I2Σ,l+
pi2
2(L−X˜)2 I
2
Σ,r (Fig.6).
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